Abstract. We construct a surface that is obtained from the octahedron by pushing out 4 of the faces so that the curvature is supported in a copy of the Sierpinski gasket in each of them, and is essentially the self similar measure on SG. We then compute the bottom of the spectrum of the associated Laplacian using the finite element method on polyhedral approximations of our surface, and speculate on the behavior of the entire spectrum.
Introduction.
A convex surface in 3-space may be regarded as an Alexandrov space, and so it has a well-defined curvature (as a measure) and a well-defined Laplacian. In this paper we construct an example of such a surface whose curvature is a fractal measure related to the Sierpinski Gasket (SG). For an introduction see the first chapter of [4] . Our construction produces the surface S as a limit of convex polyhedra P n . The curvature of each P n is a discrete measure supported on its vertices, and these discrete measures will converge to the fractal measure on S. Each P n has a Laplacian, and the limit is the Laplacian on S. We compute the spectra of each of the Laplacians on P n and thereby obtain approximations to the spectrum of the Laplacian on S.
The first approximating polyhedron (with 6 vertices) P 0 is just a regular octahedron. Half of the faces will remain flat in the construction, but with folding. Of course folding does not introduce curvature. The other four alternating faces will have a SG inscribed in them, and then the upside down triangles in the SG picture will be pushed out, step-by-step, as n increases. When n = 1 just a single central triangle will be pushed out of each face. The result will be a polyhedron P 1 with 18 vertices, the original 6 together with 3 new vertices along the sides of the 4 faces (The flat faces will fold to accomodate the eruptions in the other curved faces). If we choose the angles correctly, the original vertices will have their curvature reduced from . Note that by the Gauss-Bonet Theorem the total curvature measure on P 1 will then be the sum of the discrete measures on the 4 faces with weight π 6 on each of the 6 vertices on the face (the original vertices lie in exactly 2 of these faces). Thus, we have the first discrete approximation to a standard self-similar measure with total mass π on the SG pictured on these faces.
The same idea of pushing out successively smaller triangles to create P n from P n−1 produces polyhedra whose curvature gives better and better approximations to the self-similar SG measures. The details are given in Section 2. In Section 3 we describe the finite element method we use to approximate the spectra of each P n . In Section 4 we discuss the numerical results of these computations.
2. Geometry 2.1. Construction of angles. Each of the four curved faces in P n is subdivided into 3 m triangles of the SG construction labeled by words w = (w 1 , w 2 , . . . , w m ) of length m, together with upside down equilateral triangles that will be flat. So let T w denote the triangle associated with the word w, namely T w = F w1 • F w2 • · · · • F wm T where T is the full face, and let α j (T w ) denote the angles at the vertices for j = 0, 1, 2. We will choose
where b(w, j) are integers to be described below. and so the curvature there is 3π 3 m+1 . Next consider a vertex interior to one of the faces. Then it has one angle π 3 from the equilateral triangle that touches at that point, and one angle π from the edge of a triangle, and then by (2.3) the remaining two angles add to Our goal is to construct the constant b(w, j) satisfying the conditions of the theorem. By the symmetry it suffices to do this for words w with the initial w 1 = 0, so w = 0w . We show a solution for m = 2 and m = 3, filling in the b-value in each angle in base-3 notation (Fig. 1) . The conditions are easily verified by inspection, and since b(01, 1) = 0 and b(02, 2) = 0, condition (2.3) holds at the bottom vertices for m = 2 (similarly since b(011, 1) = b(022, 2) = 0 for m = 3) when we join up with the symmetric lower thirds of the face. We observe that the b-values on each of the two lower thirds for m = 3 are identical to the whole set of m = 2 values. This will be true in general when we describe an inductive construction from level m to level m + 1, so we only need to describe the b-values on the top third. We also note that all b-values are divisible by 3, and the only base-3 digits are 0 and 1. 
This is rereading the base-2 representation as base-3 and adding the digit 0 at the end. Then set
is a word of length m consisting of digits 0 or 1 only, and
Next we describe the inductive algorithm that computes b-values on level m + 1 given the values on level m. Algorithm 2.3. By symmetry we may assume w 1 = 0, so w = 0w with |w| = m. We consider three cases:
(1)w consists of digits 0 and 1 only. Then we apply Algorithm 2.2 to set b(0w, 0) = b n . We then set Proof. Since we know this holds for m = 2, 3 we may proceed by induction. Every triangle at level m + 1 in cases (2) and (3) 
2.2.
Computing the sidelengths. After we compute the b-values inductively, we get all the angles from (2.1) and set up a system of equations using the law of sines, symmetry, and norming the distance between the points associated to the angles α 0 (T 0 ) and α 1 (T 1 ) to be 1, where 0 = (0, . . . , 0), 1 = (1, . . . , 1). The system will be uniquely solved for all the sidelengths. We also compute the area of every subtriangle that will be needed for the FEM.
2.3.
Assembling the polyhedra. We use the sidelengths and angles to display the net of a level m polyhedron, that will be triangulated using [3] . Figure 2 shows the low-level triangulation of one SG face. To put the 4 SG faces and 4 flat faces together, we will need make identifications "inside" the SG-faces to stich up the small slits and also identify the sides of SG-faces and flat faces. Figure 3 shows the complete mesh with and without identifications, where two vertices are identified when they are connected by a blue line. This is done in a way that the 2*2 left faces are rotated 90
• to the right and put "on top" of the 2*2 faces on the right to form the polyhedron. We numerically fold up the net using [1] to display the polyhedra in 3D. Figure  4 shows level m = 1, 2, 3, where for m = 3 only the edges belonging to the flat faces are shown. Note that for m ≥ 2 folding occurs on the inner flat faces too, but we won't show them since they don't contribute to the curvature. Although there is zero curvature on the non-SG (flat) faces, the vertices added to the SG-faces cause the non-SG faces to fold. This creates trapazoids which must be triangulated for the FEM.
The solid has 3 symmetry axes through two opposing tops (by π) and 4 symmetry axes through the middles of two opposing faces (one flat, one curved) by 
FEM
To implement the finite element method, we need a Gram matrix and an energy matrix which are sparse matrices filled with contributions from areas of triangles for each of the vertices. We compute the beginning of the spectrum for different levels and increasing subdivisions.
3.1. Eigenvalues. We approximate the spectrum of the Laplacian on the surface by extrapolating over the spectrum of lower level polyhedra. The Laplacian on the surface is just the usual two dimensional Laplacian ∆ = − ∆u = λu.
It is known that the eigenvalues form an increasing sequence 0 = λ 0 < λ 1 ≤ λ 2 ≤ . . . tending to infinity, and satisfying the Weyl asymptotic law
where A is the area of the surface. In Figures 5-7 we show the graphs of the eigenvalue counting function N (t), the difference
and the average of the difference We notice a pattern of multiplicities around consecutive multiplicity 1 occurances (3-3-1-1-3) starting at positions 9, 38, 105, 198 ... and found that for the corresponding pair of eigenfunctions the individual faces are either invariant under all symmetries or just under one (skew)symmetric reflection. We extrapolate exponentially using levels 4 to 7. Figure 9 shows the beginning of the spectrum for the first levels. Tables 1-4 show the beginning of the spectrum for level 1 to 7 without subdivisions. The numbering in the left column refers to Level 7. Note that below the double-horizontal line on the next page the multiplicities of level 6 and 7 do not match any more. We display the eigenfunctions as described above in Fig. 3 , and study the symmetries at the two selected tops (x > 0 and x < 0) locally, and their relation to each other. The eigenfunctions may be sorted into symmetry types according to the irreducible representations of the symmetry group of the polyhedron. We will show examples of the eigenfunction symmetry types for level 1 and 2. Note, that the types of symmetries that occur in the eigenfunctions correspond to the irreducible representations of the symmetry group of the polyhedron, S 4 , which has two 1-dim. representations, one 2-dim. representation and two 3-dim.
representations. There are two types of eigenfunctions of multiplicity 1, since there are two 1-dim. irreducible representations of S 4 . One type is symmetrical with regard to both axes (Fig. 10) , the other has horizontal symmetry and is skew-symmetrical vertically or the other way around (Fig. 11) . This is equivalent to saying that one type has rotational symmetry and the other has rotational skew-symmetry by π with regard to the origin. There is one type of pairs of eigenfunctions from a 2-dimensional eigenspace. Both eigenfunctions from such a pair have horizontal symmetry. Individually, they seem to have rotational symmetry by π 2 between the tops. One eigenfunction in the 2-dimensional eigenspace is obtained from the other by rotation of π and inverting on half. Two pairs for level 1 and 2 are shown in Fig. 12 and Fig. 13 . There are two types of eigenfunctions from an eigenspace of dimension 3. Eigenfunctions from the first type seem to have rotational symmetry by π 2 between the tops. One of them has horizontal symmetry, and vertical symmetry with respect to the vertical axes through the tops. The other two have horizontal skew-symmetry through the horizontal axes of one of the tops and vertical symmetry through the other (Fig. 14) . For the second type: one has horizontal and vertical skewsymmetry, one has vertical skew-symmetry and rotational skew-symmetry around the tops and the last one has vertical symmetry and rotational skew-symmetry around the tops (Fig. 15) .
More data and eigenfunctions can be found at [6] . 
